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Abstract
In the Knill-Laflamme-Milburn (KLM) scheme, the success probability of quan-
tum teleportation is given by n
n+1
, wehre 2n is the number of the ancilla qubits. For
the high-fidelity approach in the KLM scheme, the success probability is approxi-
mately given by 1 − 1
n2
for large n. We give an explicit prescription to prepare an
optimal ancilla state and give an exact lower bound of the success probability for
the high-fidelity approach for arbitrary n.
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1 Introduction
Quantum teleportation[1] is the most important technique in quantum computation and
quantum communication. Cluster state quantum computation[2] is a useful application
of quantum teleportation. Photon is expected be one of the most promising media for
quantum information. Using photons as qubits is advantageous in the points that it
is robust against noise and it is easily transmitted. It is, however, difficult to perform
two-qubits gates between two photonic qubits. Knill, Laflamme and Milburn(KLM) [3]
have invented a scheme to carry out quantum teleportation of a photonic qubit with
the probability near to 1. Combining the KLM scheme and the strategy of Gottesman
and Chuang[4], we can perform two-qubits gates between two photonic qubits with the
probability near to 1. Nearly deterministic two-qubits gates are useful in connecting
cluster states into arbitrary shapes as well as in universal quantum computation. In the
KLM scheme, to boost the success probability close to 1, we should prepare a large number
of ancilla qubits. This causes the difficulty that that the number optical resources such
as beam splitters and phase shifters increases. Optimality about ancilla states have been
studied by Grudka and Modlawska[5] for the purpose of perfect quantum teleportation.
Franson et. al. [6] have proposed a new line of approach (high-fidelity approach) in
the KLM scheme. Preparing ancilla states properly, they have shown that the success
probability, in the sense of fidelity, approaches to 1 faster than the original setting as
the number of ancilla qubits increases. Their approach is useful in saving the resources.
Their analysis, however, uses approximation valid when the number of ancilla qubits is
sufficiently large. The purpose of this paper is to give an explicit prescription for preparing
an optimal ancilla state for any number of ancilla qubits. This ancilla state gives a lower
bound of the success probability of quantum teleportation without approximation in the
sense of fidelity.
2 Ancilla states and success probabilities
We prepare a 2n-qubits ancilla state as |un〉 = Σni=0f(i)|0〉n−i|1〉i|0〉i|1〉n−i, where |0〉i
means i photons in the state |0〉 etc. and f(i)’s are real coefficients normalized as
Σn
i=0f(i)
2 = 1. In the original KLM scheme they are settled as f(i) = 1√
n+1
, i = 0, 1, · · ·n.
We consider to teleport a quantum state |ψ〉 = α|0〉 + β|1〉, |α|2 + |β|2 = 1. We perform
n+1-poin quantum Fourier transformation Fˆn+1 on the state |ψ〉 and the first n qubits in
the ancilla state. Suppose we observe k(0 ≤ k ≤ n+1) photons after the transformation.
When k = 0 and k = n + 1 we fail in the procedure. In another case, we obtain the
teleported state
|qk〉 = αf(k)|0〉+ βf(k − 1)|1〉√|α|2f(k)2 + |β|2f(k − 1)2
(1)
at the k-th qubit in the latter half of the ancilla qubits. To obtain the state |qk〉 in the
form of Eq.(1), we should perform certain relative phase shift between the states |0〉 and
|1〉 depending on the observed k-photon state. The probability pk to obtain the state |qk〉
is given by
pk = Σk|〈k|Fˆn+1|ψ〉|un〉|2 = |α|2f(k)2 + |β|2f(k − 1)2, (2)
2
where the summation about k runs over all possible k-photon states and we have used
Σk|k〉〈k| = Iˆk with Iˆk the identity operator on any k-photon state. In the high-fidelity
approach the success probability p is defined by the expectation value of the square of the
fidelity |〈ψ|qk〉|2, k = 1, 2, · · · , n; we define p as p = ∑nk=1 pk|〈ψ|qk〉|2.
First, let us choose the original state |ψ〉 as |ψ〉 = |+〉 = 1√
2
(|0〉+ |1〉). In this case the
fidelity Fk is given by
Fk = |〈+|qk〉| = 1√
2
f(k) + f(k − 1)√
f(k)2 + f(k − 1)2
(3)
and the success probability p is given by
p =
1
4
Σn
k=1(f(k) + f(k − 1))2. (4)
The maximum value of p is given by the largest eigenvalue λn of the following (n + 1)×
(n+ 1) matrix
A =
1
4


1 1 0 . . . 0 0
1 2 1
. . . 0 0
0 1 2
. . . 0
...
... . . .
. . .
. . . 1 0
0 . . . . . . 1 2 1
0 . . . . . . 0 1 1


. (5)
This matrix has recently appeared in the literature[7] in the context of port-based tele-
portation scheme[8]. The corresponding normalized eigenvector of A gives the optimal
coefficients
(f(0), f(1), · · · , f(n)). (6)
Note that the condition f(0) = f(n) holds, on account of the symmetric properties of the
matrix A.
Second, we consider an arbitrary quantum state |ψ〉 = α|0〉+β|1〉. Having settled the
coefficients f(k)’s as above, the success probability for the state |ψ〉 = α|0〉+β|1〉 is giben
by
p = Σn
k=1(|α|2f(k) + |β|2f(k − 1))2. (7)
It is easy to see that the success probability p takes its minimum value λn at |α|2 = |β|2 = 12
as far as the condition f(0) = f(n) is satisfied. This means that the success probability p
is bounded from below by λn for arbitrary quantum state |ψ〉 = α|0〉+β|1〉. For references,
we exhibit the value λn and the corresponding coefficients f(k)’s for some small n’s; λ2 =
3
4
, (f(0), f(1), f(2)) = 1√
6
(1, 2, 1); λ3 =
2+
√
2
4
, (f(0), f(1), f(2), f(3)) = 1√
8+4
√
2
(1, 1 +
√
2, 1+
√
2, 1); λ4 =
5+
√
5
8
, (f(0), f(1), f(2), f(3), f(4)) = 1√
16+5
√
5
(1, 3+
√
5
2
, 1+
√
5, 3+
√
5
2
, 1).
It will be not so hard to see that λn approaches to 1 as λn =
1
2
+ 1
2
cos pi
n+1
as n increases.
3
The largest eigenvalue λn can also be written as λn =
1
2
+ 1
4
µn, where µn = 2 cos
pi
n+1
is
the largest eigenvalue of the following simple n× n matrix B:
B =


0 1 0 . . . 0 0
1 0 1
. . .
... 0
0 1 0
. . . 0
...
...
. . .
. . .
. . . 1 0
0 . . .
. . . 1 0 1
0 . . . . . . 0 1 0


. (8)
An expectation value of fidelity, not the square of fidelity, has already been computed in
closed form in the port-based teleportation scheme, which is somewhat different from the
present one, with an elaborate method[9].
3 Conclusions
We have given the exact lower bound of the success probability of quantum teleportation
for high-fidelity approach in the KLM scheme. Our result is valid for any number of
ancilla qubits and is of practical use. We have given the prescription to prepare the most
preferable anncilla state for any number of ancilla qubits.
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